The main aim of this paper is to propose a new approach for the ranking of exponential vague sets. The concepts of exponential vague sets and arithmetic operations between two exponential vague sets are introduced. The shortcomings of some existing ranking approaches for the ranking of generalized fuzzy sets and intuitionistic fuzzy numbers are pointed out. The proposed method consider not only the rank but also the decision maker optimistic attitude and it is shown that proposed ranking approach is more intuitive and reasonable as compared to existing ranking approaches. Also the proposed ranking function satisfies the reasonable properties for the ordering of fuzzy quantity. For practical use, proposed ranking approach is applied to decision making problem.
Introduction
The theory of fuzzy sets was first introduced by Zadeh [37] in 1965. Since then, the theory of fuzzy sets is applied in many fields such as pattern recognition, control theory, management sciences and picture processing, etc. In the field of fuzzy mathematics many mathematical theory such as fuzzy optimization, fuzzy topology, fuzzy logic, fuzzy analysis and fuzzy algebra etc. are obtained [3, 10, 14, 22, 23, 29, 32, 35] . In many applications of fuzzy set theory to decision making, we are faced with the problem of selecting one from a collection of possible solution, and in general we want to know which one is the best. This selection process may require that we rank or order fuzzy numbers. In order to rank fuzzy numbers, one fuzzy number needs to be evaluated and compared to others but this may not be easy. As known, the real numbers in can be linearly ordered by, however, fuzzy numbers cannot be done in such a way. Since fuzzy numbers are represented by possibility distributions, they can overlap with each other and it is difficult to determine clearly whether one fuzzy number is larger or smaller than the other.
To the task of comparing fuzzy numbers, many authors proposed fuzzy ranking methods [5, 6, 8, 9, 12, 15, 16, 17, 18, 20, 25, 30, 31, 34] . But among all the methods, most of them consider only one point of view on comparing fuzzy quantities in spite of the different demand of the decision maker, so some improved methods have been brought forward which lead to produce different rankings for the same problem. Until now, there have not one unify method to this problem. Fuzzy set theory [37] has been shown to be useful tool to handle the situations, in which the data is imprecise, by attributing a degree to which a certain object belongs to a set. In real life, a person may assume that an object belongs to a set, but it is possible that he is not sure about it. In other words, there may be hesitation or uncertainty thatwhether an object belongs to a set or not. In fuzzy set theory, there is no means to incorporate such type of hesitation or uncertainty. A possible solution is to use intuitionistic fuzzy set [2] and vague set [11] . Bustince and Burillo [4] pointed out that the notion of vague set is the same as that of intuitionistic fuzzy set. Lu and Ng [21] proved that vague sets is more natural than using an intuitionistic fuzzy set. Several authors [19, 24, 27, 28] have proposed different methods for the ranking of intuitionistic fuzzy sets but to the best of our knowledge till now there no method in the literature for the ranking of vague sets.
The main aim of this paper is to propose a new approach for the ranking of exponential vague sets. The concepts of exponential vague sets and arithmetic operations between two exponential vague sets are introduced. The shortcomings of some existing ranking approaches [8, 19] for the ranking of generalized fuzzy sets and intuitionistic fuzzy numbers are pointed out. Also it is shown that proposed ranking approach is more intuitive and reasonable as compared to existing ranking approaches Rest of the paper is organized as follows: In Section 2, some basic definitions related to generalized fuzzy sets, intuitionistic fuzzy sets, vague sets and arithmetic operations between vague sets are presented. In Section 3, a brief review of the existing approach [8] for the ranking of generalized trapezoidal fuzzy numbers and the existing approach [19] for the ranking of intuitionistic fuzzy numbers are presented. In Section 4, the shortcomings of existing approaches [8, 19] are discussed. In Section 5, a new approach is proposed for the ranking of exponential vague sets. In Section 6, it is proved that the proposed ranking function satisfies the reasonable properties for the ordering of fuzzy quantities and results are compared with some existing approached. In Section 7, an application of proposed ranking method to decision making is presented. Section 8 draws the conclusions.
Preliminaries
In this section some basic definitions related to generalized fuzzy sets, intuitionistic fuzzy sets, vague sets and arithmetic operations between exponential vague sets are presented.
Generalized Fuzzy Sets
Definition 1. [6] A fuzzy set A , defined on the universal set of real numbers R , is said to be a generalized fuzzy number if its membership function has the following characteristics:
Definition 2. [6] A generalized fuzzy number, denoted as
is said to be a generalized trapezoidal fuzzy number if its membership function is given by 
Intuitionisitic Fuzzy Sets
respectively. The values w and u represent the supremum of the degree of membership and the infimum of the degree of non-membership membership, respectively.
Vague sets and exponential vague sets
Definition:5.
[11] A vague set 
Overview of existing ranking approaches
In this section, the existing ranking approach [8, 19] are briefly discussed. 
Chen and Sanguansat ranking approach
Where,
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The following three cases may arise Step
Li ranking approach
The following three cases may arise
Shortcomings of existing ranking approaches
In this section, the shortcomings of the existing ranking approaches [8, 19] are Pointed out.
4.1_Shortcomings of Chen and Sanguansat ranking approach
Here we pointed out the shortcomings of Chen and Sanguansat ranking approach [8] , on the basis of reasonable properties of fuzzy quantities [34] and on the basis of height of fuzzy numbers.
On the basis of reasonable properties for fuzzy quantities.
With the help of some examples it shown that the ranking function, proposed by Chen and Sanguansat [8] does not satisfy the reasonable property,
, for the ordering of fuzzy quantities i.e., according to Chen and Sanguansat approach [8] 
, which is a contradiction according to Wang and Lee [34] . 
On the basis of height of fuzzy numbers
In some cases Chen and Sanguansat approach [8] indicates that the ranking of fuzzy numbers depends upon height of fuzzy numbers while in several cases it indicates that the ranking of fuzzy number does not depend upon the height of fuzzy numbers, which is not reasonable. According to Chen and Sanguansat approach [8] , in first case ranking of fuzzy numbers depends upon height and in second case ranking does not depend upon the height which is not reasonable.
Shortcomings of Li ranking approach
Li [19] pointed out the shortcomings of all the existing approaches for the ranking of intuitionistic fuzzy numbers and proposed a new approach for the ranking of intuitionistic fuzzy numbers. In this section, the shortcomings of existing approach [19] are pointed out.
(i) The existing results, presented in Theorem 1 to Theorem 6 [19] , are correct only if both ~ A and ~B are intuitionistic fuzzy numbers with same degree of membership and the same degree of non-membership but in the real life problems, we need to compare the intuitionistic fuzzy numbers with different degree of membership and degree of non-membership.
If we have two intuitionistic fuzzy numbers with unequal degree of membership and degree of nonmembership than the existing approach [19] can not be used, also in that case the ranking function does not satisfy the reasonable property,
for the fuzzy quantities [34] Hence, the results, obtained by using the existing ranking approach [19] , are valid for intuitionistic fuzzy numbers with equal degree of membership and degree of non-membership.
(ii) In some cases, the existing approach [19] indicates that the ranking of intuitionistic fuzzy numbers depends upon degree of membership and degree of nonmembership of intuitionistic fuzzy numbers while in several cases the ranking does not upon degree of membership and degree of non-membership of intuitionistic fuzzy numbers. [19] . 
According to existing approach [19] , case (i) shows that ranking of fuzzy numbers depends upon degree of membership and degree of nonmembership of intuitionistic fuzzy numbers while case (ii) shows ranking does not depend upon degree of membership and degree of nonmembership of intuitionistic fuzzy numbers, which is again not reasonable.
Proposed approach
Let: Step 1.
Step 2.
, where
It can be easily shown that the proposed ranking formula for the ordering of vague sets is generalization of existing ranking approaches [1, 7, 20] .
, which is the ranking formula for generalized exponential fuzzy numbers [7] . 
, which is the ranking formula for generalized trapezoidal fuzzy numbers [20] . 
, which is the ranking formula for generalized triangular fuzzy numbers [20] . 
, which is the ranking formula for normal trapezoidal fuzzy numbers [1, 20] . 
, which is the ranking formula for generalized triangular fuzzy numbers [1, 20] .
Corollary 6. If left and right membership functions of A as linear functions, then (17) reduces to
which is the ranking formula for trapezoidal vague sets.
Corollary 7.
If left and right membership functions of A as linear functions and c b  , then (17) reduces to
which is the ranking formula for triangular vague sets.
Results and discussion
In this section, it is proved that the proposed ranking function satisfies the reasonable properties for the ordering of fuzzy quantities. Also some examples are taken to show, shortcoming that exits in existing methods are not occurred in proposed approach.
Results of the proposed approach are compared with the existing ranking approaches.
Reasonable properties: Validation of proposed ranking approach
Wang and Kerre [33] proposed some axioms as a reasonable properties of ordering fuzzy quantities for the ranking approach  . These properties are:
P1. For an arbitrary subset S of F and S A  , A A by  on S where, F is a set of exponential vague sets. 
P2. For an arbitrary subset S of F and

Proof. Given that
with degree of membership and non membership of C is less than or equal to the degree of membership of both, A and B .
Proof. If
( degree of membership and non membership of C is less than or equal to the degree of membership of both, A and B ) C B C A    .
We take the examples from Section 4, and solved them with proposed ranking approach, to show that shortcomings are now removed. Step 1.
Step.2..
._Since, Step 2.
Example_11. Let
For a pessimistic decision maker, with
. Since
For optimistic decision maker, with
For moderate decision maker with Step 1.
Ranking
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For moderate decision maker with
be two generalized trapezoidal fuzzy numbers then
Step 1.
Step.2.
, be two generalized trapezoidal fuzzy numbers
Step 2. Step 1.
For moderate decision maker with Step 1. ( 2 3 and
Since, Step 1.
Step:2.
Since,
, and Step 1.
Step_2.
Comparative study
Different sets of fuzzy sets and vague sets are taken to compare the results of proposed and existing ranking approaches. 
Set 1.
Let
Therefore, the weighted ranking value for an alternative ) ,..., 2 , 1 ( m i A i  is given by:
Thus, the calculated weighted ranking value for an alternative is used to rank alternatives and then to select the best one in all the alternatives.
The above method can be summarized as follows: 
Illustrative example
A numerical example has been taken to show the applicability of ranking function in multicriteria decision making problem.
Suppose there is a panel with three alternative to invest the money: (i) 1 A is car company, (ii) 2 A is food company, (iii) 3 A is computer company.
The investment must take a decision according to the following three criteria: (i)
1
C is the riskanalysis, (ii) 2 C is the growth analysis, (iii)
3
C is the environmental impact analysis.
The three possible alternative are to be evaluated under the above three criteria by corresponding to linguistic values of exponential sets for linguistic terms, as shown in Table 2 . The values of alternatives and criteria weights based on the decision makers or expert's knowledge are shown in Table 3 .
Use the following steps to find the best alternative.
(i) Using Eqs. (17) and (18) A .
Conclusions
In this paper, we present a new approach for the ranking of exponential vague sets. New representation and arithmetic operations between two exponential vague sets has been introduced. Some shortcomings of existing ranking approaches [8, 19] are pointed out. The proposed method consider not only the rank but also the decision maker optimistic attitude also with the help of some comparative examples it is shown that proposed ranking approach is more intuitive than the existing ranking approaches. Also the proposed ranking function satisfies the reasonable properties for the ordering of fuzzy quantity. Further the proposed ranking approach can effectively rank of various types of fuzzy sets and vague sets (normal, generalized, triangular, trapezoidal and exponential), which is another advantage of proposed ranking approach over the other exiting ranking approaches. For practical use, proposed ranking approach is applied to decision making problem. 
